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Nonlinear focusing by residual-gas ionization in long-pulse electron linacs
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Los Alamos National Laboratory, Los Alamos, New Mexico 87544

~Received 19 March 2001; published 20 September 2001!

For short electron bunches in accelerators, the radial ion density due to residual-gas ionization faithfully
reproduces the radial electron bunch distribution for time scales similar to the electron bunch length. If the
electron bunch length is sufficiently long, however, the ions focus and, even for radially uniform electron
beams, tend to form a very nonuniform equilibrium distribution. This ion distribution, in turn, leads to non-
linear focusing forces on the electron bunch itself. In this paper, we find the equilibrium distribution when the
electron distribution is uniform, and calculate the emittance growth for axial slices in the electron bunch later
in time. A regime is found in which the emittance growth is quadratic with both residual gas pressure and
electron bunch length.
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I. INTRODUCTION

It has been widely recognized that the ion-hose instab
in long-pulse electron linear accelerators and short-pu
electron rings can lead to anomalous centroid steering of
electron bunch and beam quality degradation, where the
are produced by impact ionization of residual gas in the
celerator@1–5#. It is also widely known that ionization of the
residual gas will lead to fractional neutralization of th
space-charge force of the electron beam@6#. This neutraliza-
tion fraction is a function of time, and builds up from zero
some final value at the end of the electron bunch, leadin
time-dependent focusing and beam quality degradation. T
effect is particularly important for relativistic beams, whe
the forces from the beam’s own electric field and magne
field cancel to order 1/g2, whereg is the usual relativistic
mass factor. For electron pulses short compared to the o
lation time of ions in the beam’s potential well~typically on
the order of hundreds of nsec!, the physical picture of the
time-varying focusing is simple, since the ions can be
sumed to stay at rest. For this case, at a given axial posi
the fractional ionization radial density profile is the same
the electron beam’s, and increases linearly with time. If
electron beam has uniform density, the resulting spa
charge force remains linear, and this effect is simple
model @6#.

This effect is significantly more complex if the electro
bunch length is long compared to the ion oscillation peri
The ions now move radially in the beam’s potential well, a
lead to additional nonlinear effects. The ions are accelera
toward the beam’s axis, and lead to a distribution tha
peaked on axis. Thus even if the initial electron beam’s p
file is uniform, the additional space-charge force from t
ions will be nonlinear, leading to additional beam qual
degradation. It is precisely this effect which we will descri
in this paper. We will show that an equilibrium profile sha
of the ions is reached after a few oscillation periods~al-
though the magnitude will increase linearly over time!. This
effect has important consequences for an emerging clas
long-pulse induction linear accelerators@7#.

A particle-in-cell model of the ions, coupled to an ele
tron particle-in-cell transport code, will be used to calcula
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this effect for both short and long electron bunches. In S
II, we find the equilibrium ion density for an initially uni-
form density electron bunch both numerically and analy
cally. We find that the equilibrium distribution shape is a
tained after only a couple of ion oscillation periods.

In Sec. III, we calculate the emittance growth of an in
tially cold, uniform density electron bunch as it pass
through a thin region with residual gas. The emittan
growth is linear with pressure and overall electron bun
length. Then we calculate the emittance growth through lo
regions, and find that the emittance growth is quadratic w
pressure and bunch length when this effect is coupled w
emittance oscillations that often occur in high-brightne
electron accelerators. We conclude with some simulation
the dual axis radiographic hydrodynamics test~DARHT!
long-pulse accelerator@7#, which also demonstrate the qua
dratic scaling of the emittance growth.

II. ION MOTION

In this section, we analyze ion motion within an electr
beam. We derive an expression for the equilibrium distrib
tion, and verify it with particle simulations. The equilibrium
distribution is highly peaked along the axis of symmetry.

Ions are produced by primary impact ionization of t
high-energy electron bunch through low-pressure resid
gas. This gas is often composed of air components~N2, O2,
CO, CO2, and so on! and hydrocarbons from vacuum pum
oil. The exact constituents can be determined by residual
analyzer measurements, but do not significantly modify
results described in this paper. The ion density produced
primary impact ionization is given by this rate equation@6#

dni

dt
5ngnesn, ~1!

whereni is the ion density,ng is the initial gas density~as-
sumed to be uniform over radial distances!, ne is the electron
bunch density~which is a function of time at a given axia
and radial position!, s is the cross section, andn is the ve-
locity of the electron bunch~which we will assume to be the
©2001 The American Physical Society01-1
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speed of lightc!. For a temporally uniform electron beam
the fractional ionization is then given by

ni

ne
5ngsnt5stPg ~ torr!9.783~1026! cm22 sec21, ~2!

wherePg is the gas pressure in torr, at a timet from the head
of the electron pulse.

If the electron bunch density is uniform,ne is independent
of radiusr, and ions are created uniformly across the elect
bunch cross section. If the electron bunch is very short, th
ions do not move appreciably while the rest of the beam
passing by. However, if the electron bunch length is lo
there can be a redistribution of the ions.

The motion of the ions is dominated by the electric fie
of the electron bunch—the density ratio of the ions to
electron bunch is typically on the order of 0.001 or less. Th
the self field of the ions can be ignored for their own motio
However, due to the relativistic cancellation of the electr
beam’s space-charge force on itself, the ions’ space ch
force on the electrons begin to dominate even at energie
low at 15 MeV, for fractional ionizations of 0.001. The radi
equation of motion for the ions in an electric field produc
by a uniform density electron bunch is

r̈ 1r
eI

2mi«0cpa2 50, ~3!

wheree is the electronic charge,I is the instantaneous cur
rent of the electron bunch,mi is the mass of the ions,«0 is
the permittivity of free space,a is the electron bunch edg
radius, and a dot indicates a time derivative. If the elect
bunch is axially uniform, the ions will radially oscillate ha
monically, with period

t ions5S 8mi«0cp3a2

eI D 1/2

. ~4!

The period of the oscillation for a hydrogen atom in a 3-c
radius, 2-kA electron beam is 55.6 nsec. The ions’ self-fie
have been neglected in Eqs.~3! and ~4!, which is consistent
with low fractional ionizations. This assumption will lead
a singularity at the origin at a quarter oscillation peri
which, under the influence of the ions’ space charge will te
to smear the distribution. However, for low fractional ioniz
tions, the smearing will be small, and this assumption is
limiting for the case we are interested in.

Ions produced at the same time will stay in phase w
these oscillations with these assumptions. Consider s
ions produced at some timet. Initially, their distribution is
uniform, out to radiusa. As they oscillate toward the origin
they stay uniform in density, but with density increasing
a2/r e

2, wherer e is the instantaneous edge radius of the d
tribution. The equation of motion for the edge radius is giv
by

r e5a cosvt,
~5!

ṙ e52av sinvt,
04650
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where the frequency is given byv5AeI/2mi«0cpa2.
At long times, the equilibrium distribution will be formed

by an infinite sum of such distributions, all starting at diffe
ent times. We can find the functional form of the equilibriu
distribution by integrating over starting times. Because
symmetry, we only need to consider initial phases from 0
p/2 radians. The radial equilibrium distribution function
then of the form

f eq~r !}E
0

umax du

a2 cos2 u
, ~6!

whereumax is the phase at which the distribution edge is
radiusr, and is given byr 5a cosumax. After integration, we
find

f eq~r !5k
Aa22r 2

r
, ~7!

wherek is some unknown constant, which can be found fro
conservation of the total number of ions. After comparison
the rate equation@Eq. ~1!#, the equilibrium distribution is
determined to be

f eq~r ,t !5
4nengsc

pa2

Aa22r 2

r
t. ~8!

We can verify that this is the equilibrium distribution b
direct particle-in-cell simulations of the ion motion using th
codeSLICE @8–10#. The SLICE code self-consistently pushe
particles along an induction linac using the Lorentz for
equation, including the beam’s self-radial electric, axial ma
netic, and azimuthal magnetic fields and all external fields
fourth order in radius. The code uses the long-beam appr
mation, in which Gauss’ law is used for the radial elect
field and Ampere’s law is used for the azimuthal and ax
magnetic fields. A collection of particles is used to descr
the beam at each axial position.

For long-pulse ionization simulations, at each axial loc
tion, the electron beam is separated into discrete time sli
At each time slice, a new ion density is produced on a ba
ground grid@following Eq. ~1!#, and evolved using the elec
tron beam’s radial electric field. The precise dynamics
only the first and last electron slices are calculated. The d
sity of intermediate electron slices is assumed to be a lin
interpolation of these two slices, which is consistent with
first-order perturbative solution. The last electron slice is
fluenced by the electric field of the overall ion distribution
its time. In particular, ion density is deposited on 100 rad
grid points at each time slice as separate ion macropartic
Typical long-pulse simulations require 100–10 000 tim
slices to resolve the ion oscillations in the potential well
the electric beam, requiring 104– 106 ion macroparticles in
all, for every axial position in the linac.

Because an equilibrium distribution is attained, a flu
model for the ion distribution would have been sufficien
However, the macroparticle model is easier to make accu
for simulations of ion distributions that oscillate about t
1-2
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NONLINEAR FOCUSING BY RESIDUAL-GAS . . . PHYSICAL REVIEW E 64 046501
origin ~the fluid momentum tends to average to zero at
origin in a strict fluid model! and was used for this study.

In Fig. 1, we plot the ion density as a function of rad
position after 1 nsec of an electron beam that is 3 cm
radius and of uniform radial and axial density, using hyd
gen ions. We see that the ion density is still uniform. In F
2, we plot the ion density after 10 nsec of the electron be
We now see that the ion density is moving toward the cen
as particles at the initial time are reaching a quarter of th
oscillation period. At 20 nsec~Fig. 3!, the ion distribution is
already close to the equilibrium distribution, even thou
this time is only at about 36% of the oscillation period. F
heavier ions, this time would be longer, but the ion distrib
tion would also approach the equilibrium distribution
about one-third of the oscillation period. It is also importa

FIG. 1. Ion density distribution after 1 nsec.

FIG. 2. Ion density distribution after 10 nsec.
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to note that a spread of ion masses would tend to help
distribution reach its equilibrium form earlier. Note that
Fig. 3, some small kinks in the distribution is seen due to
coarseness of the electron bunch slices~0.56 nsec apiece!.

We see that by 200 nsec the distribution is smoother~Fig.
4!, and by 500 nsec~Fig. 5! excellent agreement with th
analytic equilibrium distribution function is reached. No
that this equilibrium distribution will be reached in about 10
nsec for a nitrogen gas for a 3-cm, 2-kA electron beam,
in much less time for smaller radius electron beams.

Recall that this equilibrium distribution was found for th
case the self-fields from the ions can be ignored. The sin

FIG. 3. Ion density distribution after 20 nsec~36% of the oscil-
lation period!.

FIG. 4. Ion density distribution after 200 nsec.
1-3
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larity at the origin for the equilibrium distribution leads to a
infinite force there, distorting the actual equilibrium distrib
tion there, as described earlier. However, the amount
charge at the origin is small, and the distortion will be in
region limited close to the origin for small ionization fra
tions. The effect on the electron optics will be likewise lim
ited to near the origin, affecting only few electrons and tho
with the least impact on the overall beam emittance.

III. EMITTANCE GROWTH IN THE LINEAR REGIME

There are two possible effects from the forces induced
the electric field on the ions that can produce an emitta
growth in the electron beam. For very short electron bun
lengths, there is a time-dependent focusing effect, that is
ear if the beam distribution is uniform. For long electro
bunch lengths, the focusing force is always nonlinear. B
effects can lead to an emittance growth for the entire bun
although the first effect will tend not to increase the em
tance of individual electron bunch slices. However, even
the short-bunch case, if the focusing force is large enoug
change the radius of the latter part of the electron bu
significantly, the time-dependent focusing force will be no
linear.

The normalized, 90% emittance of the electron beam,
fined here as

«52gbA^r 2&^r 82&2^rr 8&2, ~9!

is an accurate measure of the beam quality for many type
applications, where the brackets indicate an ensemble a
age~including axial position within the electron bunch!, and
the prime refers to an axial derivative. The radial force fro
the equilibrium ion density on an electron in the bunch
the uniform-density case is given by

Fr , ion~r ,t !5
2enengsc

«0rpa2 tS a2 sin21
r

a
1aAa22r 2D ,

~10!

FIG. 5. Ion density distribution after 500 nsec~solid line! and
analytic equilibrium distribution@Eq. ~9!# ~circles!.
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which is clearly nonlinear and will cause both an overall a
a slice emittance growth.

For studying the slice emittance and overall emittan
growth, we simulate an initially uniform electron bunch tr
versing first a short region~1 m long! of relatively high gas
pressure followed by a longer region~4 m long! with very
low gas pressure. This is done because the emittance gr
in the higher gas region starts emittance oscillations coup
to transverse plasma oscillations~or space-charge waves!,
and that the emittance growth is minimized at about 5 m~see
Fig. 6!. At that location, much of the excess kinetic ener
associated with the emittance growth is transferred to exc
potential energy—or, in other words, at 5 m the radial elec-
tron beam distribution is as nonuniform as it will becam
Each electron slice is distributed with 8000 macroelectro

In Fig. 7 we plot the final slice emittance at 5 m as w
change the electron bunch length and pressure, but kee
the product constant~so the total ionization is kept constant!.
The slice emittance is a strong measure of how long if ta
the ion distribution to reach equilibrium, about 300 nsec.

FIG. 6. Slice emittance of the final slice in the electron bunch
a function of axial location. Note the rapid emittance growth in t
high pressure region~0–1 m!, followed by emittance oscillations.

FIG. 7. Final slice emittance as a function of the electron bun
length.
1-4
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NONLINEAR FOCUSING BY RESIDUAL-GAS . . . PHYSICAL REVIEW E 64 046501
In Fig. 8, we plot the integrated bunch emittance as
function of electron bunch length. Note that the integra
bunch emittance mirrors the final slice emittance to a go
degree. This indicates that for long electron bunches.100
nsec, the overall emittance is dominated by the increas
slice emittance, and not just a differential rotation in pha
space among the different bunch slices~which accounts for
the initial emittance of 150 mm mrad!. In Fig. 9, we plot the
final slice emittance as a function of final ionization, for
interaction length of 0.1 m.

From Fig. 9, we can determine the linear emittan
growth rate, which is very nearly

«50.155l f final , ~11!

where l is the interaction length, andf final is the final frac-
tional ionization at the end of the electron pulse. Numeri
simulations show that this emittance growth is mostly line
with fractional ionization, even for thick lengthl’s.

FIG. 8. Integrated bunch emittance as a function of the elec
bunch length.

FIG. 9. Slice emittance from a short region of high gas press
vs gas pressure.
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IV. NONLINEAR EMITTANCE GROWTH

It is well known that a zero-emittance, uniform-densi
electron beam will have minor emittance growth, if any, b
an initially nonuniform electron beam can have large em
tance growth@8# because the initial beam distribution is n
an equilibrium one. However, this emittance growth will le
to emittance oscillations, as shown in Fig. 6. If the initi
emittance is due to a nonequilibrium beam density, the em
tance will grow as the beam density approaches the equ
rium shape, and then will decrease as the density beco
nonequilibrium again@9#. In practical accelerators, diode fo
cusing and nonlinear focusing effects will lead to noneq
librium density distributions. Most high-brightness accele
tor designs account for this, and adjust the focusing so
the final accelerator application occurs at one of the em

n

re

FIG. 10. Emittance oscillation for an initially nonuniform
density electron beam.

FIG. 11. Slice emittance growth at the emittance oscillat
minimum, as a function of final fractional ionization.
1-5
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BRUCE E. CARLSTEN PHYSICAL REVIEW E64 046501
tance minimums~an integral number of half-transvers
plasma oscillations! @10,11#. In Fig. 10 we show one emit
tance oscillation for an initially partially hollow, 2-kA
5-MeV electron beam with a 3-cm radius. The emittan
initially zero, grows to nearly 1000 mm mrad, before dro
ping down to 205 mm mrad, at an axial location of 5.3
The focusing magnetic field is adjusted so the rms beam
remains constant over this length.

For this case, slight focusing changes will tend to sp
the complete emittance oscillation, by slightly changing
period of the transverse plasma oscillation. The emitta
oscillation obeys a sinusoidal function@9,11#, and thus is
locally quadratic near its minimum in terms of either ax
position or focusing strength. We would then expect that
additional focusing from residual gas ionization will ma

FIG. 12. Emittance growth as a function of final fractional io
ization for the DARHT long-pulse accelerator.
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the slice emittances grow quadratically with fractional io
ization. In Fig. 11, we plot the growth of the final slice em
tance at the end of the nominal emittance oscillation~5.3 m!
as a function of final fractional ionization.

This complex coupling between ionization and transve
plasma oscillations is seen in simulations of actual bea
lines. In Fig. 12, we plot the simulated emittance of t
DARHT second axis accelerator as a function of residual-
final ionization. As in Fig. 11, the emittance growth is qu
dratic. The maximum acceptable emittance for this mach
is about 1000 mm mrad, or a final fractional ionization
about 0.001. For a typical cross section ofs
52(10218) cm22 and an electron pulse length of 2ms ~the
electron pulse length in the DARHT long-pulse accelerato!,
this leads to a maximum acceptable residual gas pressu
Pg52.5(1027) torr. This residual gas pressure is certain
achievable, but not luxurious.

V. CONCLUSION

We have presented a model for ionized gas motion wit
an electron beam. For long-pulse lengths, the ions mo
reach an equilibrium distribution in less than one-half of
oscillation period. This equilibrium distribution is highl
nonuniform, and leads to both slice and axially integra
emittance growth. We have also seen that the coupling
tween the time-dependent ion focusing and emittance os
lations in practical accelerator designs leads to a quadr
scaling of the emittance growth with respect to final fra
tional ionization, for long pulse lengths, and puts upper li
its on allowable residual gas pressures for new, long-pu
high-brightness electron accelerators.
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